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1 Introduction 



Two-dimensional lattice spin models in statistical mechanics have traditionally been solved 
by imposing periodic boundary condition. The Yang-Baxter equation 12] 

#12(1*1 - u 2 )R 13 (u 1 - u 3 )R 23 {u 2 - u 3 ) = R 23 {u 2 - « 3 )-Ri 3 («i - u 3 )R 12 {ui - tt 2 ), (1.1) 

together with such boundary condition then leads to families of commuting row transfer 
matrices and hence solvability [2]. The work of Sklyanin j^j shows that, by using the reflection 
equation (RE) introduced by Cherednik j3j 

R 12 (ui - u 2 )Ki(ui)R 21 (ui + u 2 )K 2 (u 2 ) = K 2 (u 2 )R 12 (ui + w 2 )^i(wi)#2i(wi - u 2 ), (1.2) 

it is also possible to construct families of commuting double-row transfer matrices for vertex 
models with open boundary conditions. Then such a scheme has been generalized to face 
type solid-on-solid (SOS) models [ElE]- 

In order to construct the double-row transfer matrices, besides the RE, one needs the 
dual reflection equation whose explicit form is related with the crossing-unitarity relation of 
the R-matrix [HI E] • For the Z n Belavin model jH], the dual RE reads [H] 

R\2{u 2 - ui)Ki(ui)R 2 i(-ui — u% — nw)K 2 (u 2 ) 

= K 2 [u 2 )Ri 2 (-ui -u 2 - nw)K 1 (u 1 )R 21 (u 2 - ui), (1.3) 

where w is the crossing parameter of the R-matrix. Moreover, there exists a simple-form 
isomorphism between the solution of the RE (jl.2|) and that of its dual (|1.3|) 

~ mil 

K(u) = K(-u-—). (1.4) 

However, for integrable SOS models, due to the complicated crossing-unitarity relation of R- 
matrix (Boltzmann weight) (J2.18j) |9|llL)|. the dual RE (|3.2j) contains the face type parameters 
{Xj} in addition to the spectral parameter. A generalized isomorphism between the solutions 
to the RE and its dual for SOS models, if exists, is yet to be found. In this sense, the dual 
RE for the face type models has got its own independent role in contrast with the vertex 
model. 

The RE of SOS models has been solved to give the diagonal K-matrices for the A„ , Bn , 
Cn\ Dn\ A 2 n and A 2 ^ +l SOS models [TT]. But the generic (non-diagonal) K-matrix is 
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known only for the Ai SOS model ^21 IS]- However, the dual RE of the face type was 
solved only for the A^ SOS model jS] . In this paper, we consider the dual RE for the A^li 
SOS model. After briefly reviewing the face-vertex correspondence between the Z n Belavin 
model and the A^li SOS model [T3], we construct the isomorphism between the solution of 
the RE and its dual for the A^_ x SOS model in section 3. In section 4, we derive a diagonal 
solution to the dual RE by solving directly. Then we prove that our diagonal solution to the 
dual RE can be obtained through the isomorphism transformation (|3.16|) from the diagonal 
solution ^T] of RE by a special choice of the free parameter A'. The final section is for 
conclusions. 

2 Reflection equation and its dual for SOS model 

2.1 Z n Belavin R-matrix 

Let us fix r such that Im(r) > and a generic complex number w. Introduce the following 
elliptic functions 







a 
b 



(it,r)= ^2 exp {y/^ln [(m + a) 2 r + 2(m + a)(u + b)]} , (2.1) 



e {j \u) = e 



m=—oo 

1 _ i 

2 n 
1 
2 



(u, nr), cr(tt) 



i 

2 
1 

L 2 J 



(2.2) 



Among them the a-function 2 satisfies the following identity: 



a{u + x)a{u — x)a{y + y)a{v — y) — cr(u + y)cr(u — y)cr(v + x)a{v — x) 

= cr(u + f)cr(u — v)cr(x + y)cr(x — y), (2.3) 



which will be useful in the following. 

Let R B (u) G End(C n ® C n ) be the Z n Belavin R-matrix !8J given by 

R B (u)= ^R%(u)E ik ®E l:j , 

i,j,k,l 



(2.4) 



in which Eij is the matrix with elements {Eij) l k = 5jkSa- The coefficient functions are [0] 



h(u)a(w)e<- i i){u+w) -c ■ , ■ _ , , , , 

otherwise. 



(2.5) 



Our CT-function is the ^-function d\(u) 13 . It has the following relation with the Weierstrassian a- 



function if denoted it by <r w (u): a w (u) oc e' 71 " ct(u), 771 = tt 2 (^ — ^ > in ) and q = e^~^ r 
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Here we have set 

h(u) = n#^' (26) 

The R-matrix satisfies the quantum Yang-Baxter equation (jl.lj) and the following unitarity 
and crossing-unitarity relations [TT 



Unitarity : R B 12 (u)R^(-u) = id, (2.7) 

Crossing-unitarity : (R B )%(-u - nw)(R B )%(u) = g_Z^M^ + nw ^ fa ( 2 .8) 

a(u + w)a(u + nw — w) 

where U denotes the transposition in the i-th. space. 

2.2 SOS R-matrix and face-vertex correspondence 

Let {ej | i = 1, 2, • • • , n} be the orthonormal basis of the vector space C n such that (e*, e^) = 
The A n _i simple roots are {aj = e.j — e i+ i \ % — 1, • • • ,n — 1} and the fundamental 
weights {Aj | z = n — 1} satisfying (A$, aij) = are given by 



n 

I 



A< = 

fe=i fc=i 

Set 

e, e=— ^^Cfe, z = 1, • • -,n, then ^^z = 0. (2.9) 



n 

k=\ i=l 



For each dominant weight A = ^27=1 a i^*i > a « ^ there exists an irreducible highest 
weight finite-dimensional representation Va of A n _i with the highest vector |A). For example 
the fundamental vector representation is V^ x . 

Let f) be the Cartan subalgebra of A n _\ and f)* be its dual. A finite dimensional diag- 
onalizable f)-module is a complex finite dimensional vector space W with a weight decom- 
position W = ©nef)*W\p], so that f) acts on W[fj] by xv = fJ,(x)v, {x G fj, t> G 
For example, the fundamental vector representation V\ 1 = C n , the non-zero weight spaces 
W[i] = Cei, i = l,---,n. 

For a generic A G C n , define 

n 

X i = (X,e i ), \ij = \i-\j, \X\ = y^A;, z,j = l,---,n. (2.10) 

z=i 



Let R(z, A) G End(C n ® C n ) be the R-matrix of the SOS model given by 

A) = R t(z, X)E U ®E» + Y, W ® + i?g(z, A)^ ® £7 y } . (2.11) 

i=l ijtj 

The coefficient functions are 

flS(*,A) = l, Jg(»,A) = g W' (A «'"-"| , (2.12) 

4(,,A ) = «±^), (2.13) 

and Ajj is defined in (J2.1(Jj) . The R-matrix satisfies the dynamical (modified) quantum Yang- 
Baxter equation 

Ru{zi - 22, A - h®)R 13 {zi - z 3l X)R 23 {z 2 - z 3 , A - /i (1) ) 

= #23(^2 - 23, A)i? 13 (^ - z 3 , A - h^)R 12 ( Zl - Z2, A), (2.14) 

with unitarity relation 

i2i2(M,A)i22i(-«,A) = id. (2.15) 

We adopt the notation: Ri 2 (z, A — /zA 3 )) acts on a tensor v\ ® v 2 ® v 3 as R(z, A — fx) <8> zd if 
i>3 G W[/i]. Let us introduce 

fl( M ,A)g = fl( M ,A)g( /2(A;t> Mi±i±4i) \ (2 . 16) 

1 3 \/a(A + *;*) / 2 (A + j;j) J 

The R-matrix satisfies the following crossing-unitarity relation jH] 

£ fl(-«-n«;,A-i 2 );i;fl(«,A-j 2 )K= e^M^ + n^) 

' J J J cnu + w)a(u + nw — w) 6 Jd 

Let us introduce an intertwiner — an n-component column vector <px,x-j{u) whose k-th 
element is 

(${_Au) = 6 {k \u + nwXj). (2.19) 



Using the intertwiner, the face-vertex correspondence can be written as 

R? 2 (U1 - M 2 )0A,A-?(«l)®0A-i ) A-?-i( W 2)=5Z jR ^ 1 ~~ M2 ' X )ifo\-i,\-i-k( u l)®<l>\,\-i( u 2)- ( 2 - 20 ) 

ki 

Then the Yang-Baxter equation of the Z n Belavin R-matrix R B {u) (jl.lj) is equivalent to the 
dynamical Yang-Baxter equation of the A^_ x SOS R-matrix R(u, A) ()2.14jl . 
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3 RE and dual RE for SOS model 

In this section, using the intertwiner between the Z n Belavin R-matrix and that of the A^_ l 
SOS model, we construct the isomorphism between the solution of the RE for the A^-i SOS 
model and that of its dual from the isomorphism (jl.4|) . 

3.1 RE and its dual for SOS model 

The RE of the K-matrix /C(A|w) for the face type SOS model was given as follows 01121 UH1IJZ] 

E E R ^ - u ^ A )£^( A +h + «2k)Si2(wi + i*2, A)££/C(A + % + %\u 2 )% 

= E E ^ A + * + *ok)^(«i + «2. a):°£/c(a + h + - «a, A)-;;;. 

(3.1) 

The dual RE of the K-matrix K,{X\u) was written down by 0E1 

E E R ^ ~ A ©W A + ii + »M«i)g«(-«i - «2 - n«;, a$J»k(a + j 2 + z 3 | M2 )J 

*lj*2 il J2 

= EE^ + io + z Q | M2 )p(-« a - u 2 - nw, A)gg£(A + j 2 + h\ Ui )ZR(u 2 - ui, A)J j, 

(3.2) 

where /?(«, A) is defined in (|2.16|) for the A^L X SOS model. The explicit expressions of R(u, A) 
for other types of SOS models were given in JHJ. Because of the non-trivial dependence on 
the face type parameters {Xj}, the dual RE of SOS models should be treated separately in 
contrast with those of the vertex models. 

As in the Sklyanin scheme for the vertex models, one can construct families of commuting 
double-row transfer matrices for the SOS model with open boundary condition in terms of 
the K-matrices JC(X\u) and K,(X\u) [HIE]- 

3.2 Isomorphism between the solutions of the RE and its dual for 

SOS model 

Thanks to the face-vertex correspondence between the Z n Belavin vertex model and the 
An-i SOS model (|2.2U|) . we can construct the isomorphism between the solutions of the RE 
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and its dual for the SOS model from the isomorphism (jl.4)l of the Z n Belavin vertex 

model. 

Let us introduce other types of intertwiners and cf> satisfying the following orthogonality 
conditions 

k 

E&«)&(«) = V (3-4) 

it 

One can derive the "completeness" relations from the above conditions 

EO tt )O tt ) = ^ (3 - 6) 

and the following relation between the intertwiners </> and from their definitions ()3.3|) and 

m m 

t , x a(w + w|A| - -w) jyj a{X jk w) \~ 

0A+j,A (U) = ? ■ r~ n _i, < II -77 C > 0A+j,A (« ~ W - (3.7) 

Noting the fact (e, 6y) = - and the definition of the intertwiner ([2.19)1 . one can derive the 
following relations: for Va G C 

(pX +a e,\+ae-j{u) = <t>\,\-j{u + OiW) , (3.8) 

0A+ae,A+ae-j(^) = 4>\,\-j{u + Ow), (3.9) 

0A+ae,A+ae-jH = 4>\,\-]{u + H' (3.10) 



Define 



£(A|u)j = E<& + i, A-t(«)^K^ A -t(-«), (3- 11 ) 
£(A|u)j = E^a-jM*(«)#£*h a-j(«)- ( 3 - 12 ) 



Then we have 



Theorem 1 0/ TTie above relations H3.ll]) . hS.lty map the solutions K(u) and K(u) to the 
RE M.ty) and the dual M.3\) for the Z n Belavin R-matrix to the solutions K.(X\u) and JC(X\u) 



to the RE A3. 1\) and the dual A3, ty) for the A^li SOS R-matrix, and 



vice versa. 
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Using the relations ()3.5|) and (|3.6p . one can invert ()3.1H) 

K(u)t X>&*, a-*(«)^(A|«)^a-,(-«). (3-13) 

Using the isomorphism (jl.4j) between the solutions of the RE and the dual RE for the Z n 
Belavin R- matrix, the relations (J3.5|) . (|3.6j) and (|3.12|) . we have 

s,t 

= E E *£' M (-«>*iJU* v-,(-« - ™wi 



U) 

X>(A, X'-il-uY^iX'l-u-^iMiX', A-z>| M +^);, (3.14) 

%3 



2 „ v , 2 
where A' G C n is arbitrary and a crossing matrix M(X, X'\u)j is defined by 

M(A, A»jf = E^a-^^v+j, v(«" T)- (3-15) 

Finally, we obtain 

Theorem 2 TTie solutions to the RE hS. 1\) and the dual A3. £J) /or £/ie S'OS' R-matrix 

have the following isomorphism 

K{X\u)l = J2 X' - i\ - u)pC(A'| -u- ^){M(X', X — i>\u + (3.16) 



where X' G C n is arbitrary. 



We remark that the crossing matrix ()3.15|) is generally non-diagonal. Hence, the corre- 
sponding K.(X\u) of the solution to the dual RE ()3.2j) obtained by the isomorphism ()3.16|) 
from the diagonal solution JT] to RE is generally non-diagonal, too, except for the case that 
a special choice of "moduli" parameter A' is chosen as ()4.5|) (this special case will be clarified 
later in the next section). However, in order to diagonalize the corresponding double-row 
transfer matrices for the A^li SOS model by the algebraic Bethe ansatz method, one needs 
JC(X\u) and JC(X\u) both diagonal [THIHH]. In the next section, we shall search for a diagonal 
K(X\u). 
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4 Diagonal solution of the dual RE for A^^ SOS model 

In this section we look for the diagonal solution to the dual RE (|3.2|) for the A^li SOS 
model, namely, the K-matrix K.(X\u) of following form 

iC(X\u)i = k(X\u)4, (4.1) 

where |fc(A|it)jj are the functions of the face parameters {Xj} and the spectral parameter 
u. From directly solving the equation (|3.2j) . we have 

Theorem 3 For 

[t^i a \ x ikw) J a(XiW + £ - u - 22 ) 

m which £ is a free parameter and f(u, A) zs any non-vanishing function of X and u, the 
diagonal K-matrix K,(X\u) with entries \4-l\j and is a solution to the dual RE h3. ty) for 

the A^li SOS model. 



Proof. Substituting JC(X\u) of form flOJ) into the dual RE Q for the A^l x SOS model, 
one finds the only nontrivial conditions of k(X\u)i are 

R(u 2 - iti, A)j*fc(A + 2 + j\ui)j R(—Ui — u 2 — nw, A)^&(A + i + j\u 2 )j 

+ R(u 2 - ux, X)ljk(X + i + j\ux)i R{—Ux — u 2 — nw, X)j]k(X + i + j\u 2 )j 
= R(u 2 - u\, X) J j lk(X + i + j\ux)i R{—ux — u 2 — nw, A)f]fc(A + i + j\u 2 )i 

+ R(u 2 - Ux, Xy j J i k(X + i + j\ux)j R{—u x —u 2 — nw, X) J j l i k(X + % + j\u 2 )i, i ^ j. 

Substituting (|2.1fij) and ()4.2j) into the above equation, the dual RE ()3.2j) is equivalent to the 
following equation 

/ n / x / x / x x o-(XjW + <f - u\)a(XiW + £' + u\) 

cr(-u_ + XijW)a{u + ) — a(u_)a(u + — XijW)- 



x 



a(Xjw + £' + u'x)cr(XiW + £' — u\ 
ajXjW + g - u' 2 )a(XiW + g + u' 2 ) 
a(Xjw + I 1 + u' 2 )a(XiW + £' - u' 2 ) 

a(XjW + £'- u[)a(XiW + £' + u[) 



cr(u + + Xijw)a(uJ) — a(u + )a(u- — X^w) 



a(XjW + ? + u[)a(XiW + £' - u[) ' 

(4.3) 



where w_ = u[ — u' 2 , u + = u' x + u' 2 , u[ = —Ui — £' = £ + !L ^ L w. The equation f)4.3|) is a 
consequence of the identity ([2.3)1 . Then we complete our proof. 

Now we shall study the relation between our solution of the dual RE and the diagonal 
solution of RE which was given as follows JT] 

jc(x\u)i = *(A|u) 4 a? = g(% >) a ^ w *l~ u U - (4-4) 

Here, g(A| it) is any non- vanishing function of A and u, and £ is a free parameter. Let us 
choose 

71 \ 

A' = A+-e =► A: = A j + -, (4.5) 

the vector e is defined in f[2.9|) . Using the relation ()3.8|h the crossing matrix M(A, A+|e— 
defined in f!3.15|) becomes simple 



M(X,X+ -6-^ = ^2' 



t 



t 



The resulting solution to the dual RE by the isomorphism transformation (j3.16|) from the 
diagonal solution to RE is 

K(\\u)l = k(X + -e\-u- —) V M{X + -e, A - % + — (4.7) 

The relations (|3.7j) and (|4.5|) enable us to further simplify the expression of the crossing 
matrix M(A + f e, A - i>\u + 



"2 C ' ~~ T 5 " = <,(„ + |A-»|«, + *«,-*=!) { II .(A,,.) 



ff („+|A-i>|«; + iu;-fi=l) \^ a(A^) j 2^^-oW^ A a-*W 

g(u + |A - t>|w + - ^) |-|-|- a(X uk w - w) \ 
a(u + \X - D\w + %w - ^) \ljL <r(X uk w) J 
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Finally, the resulting solution to the dual RE by the isomorphism transformation (|3.16J) from 
the diagonal solution to RE is given by 

/C(A "u)^=— — !— ^ 1 ^r^S IT + -e - u )J V U . 4.8 

Substituting the diagonal solution of RE (|4.4j) into the above equation and after redefining 
the boundary parameter £ and the free non- vanishing function f(u,A), one finds that the 
resulting diagonal solution ()4.8|) to the dual RE is exactly the same as ([4.2)1 . 

5 Conclusion and comments 

By using the face-vertex correspondence (|2.2(J|) and the isomorphism (|1.4j) between the so- 
lutions to the RE and its dual for the Z n Belavin R-matrix, we construct the isomorphism 
between the solutions to the RE and its dual for the A^_ x SOS R-matrix. By directly solving 
the equation, we obtain a diagonal solution to the dual RE. Our solution to the dual RE can 
also be obtained through the isomorphism transformation (|3.16|) from the diagonal solution 
to RE obtained in by a special choice of the free parameter A' (|4.5|) . Furthermore, the 
diagonal jC(\\u) obtained in this paper enables us to diagonalize the double-row transfer 
matrices of the Z n Belavin model with open boundary condition described by the diagonal 
/C(A|«) and the diagonal K.(\\u) [TT?] . 

Alternatively in [20] , the very isomorphism with the special choice of the free parameter A' 
(14.5)1 from the diagonal solution of RE to the diagonal solution of the dual RE was constructed 
by fusion procedure. However, our generic isomorphism transformation ()3.16)) gives a way 
to construct a non-diagonal solution of the dual RE with additional free parameters {A^}. 
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